Abstract. Many studies have been conducted to examine the factor of safety of a slope reinforced by a row of piles and the forces acting on these piles. This paper presents an analytical approach to calculate the forces acting on piles and the corresponding factor of safety of slopes stabilized by a row of piles. The proposed approach is based on force equilibrium within the upslope wedge above the pile location and would require knowledge of the upper wedge weight before application. The validity of the proposed analytical approach was veri ed by comparing the results with those obtained using available approaches in the literature as well as from physical experiments and numerical analyses using available software. Additionally, the e ect of arching phenomenon was examined and the optimum pile spacing for use in reinforcing slopes was investigated. The optimum pile spacing depends on the properties of the soil comprising the slope, but the most cost-e ective pile spacing was found to be between 4-5 times the pile diameter, corresponding to the largest spacing that could generate arching between piles. Thus, the proposed analytical approach can be used in practical applications to determine the stability of slopes reinforced by a row of piles.
Introduction
One of the most e ective strategies for stabilizing slopes undergoing creep movement and for increasing the stability of soil slopes is pile reinforcement [1] . Cursory review of available literature shows that slope stabilization using piles has been analysed by various researchers using di erent methods [2] [3] [4] [5] [6] . These methods can be divided into three categories: (1) shear strength reduction method [7, 8] ; (2) limit equilibrium methods [9] [10] [11] [12] ; and (3) limit analysis method based on upper bound and lower bound theories [13] [14] [15] [16] .
In the stabilization of earth slopes by using piles, the general approach is to determine the minimum factor of safety, F S , to make it stable (e.g., F S 1 :5) and to calculate the design load on the pile from the applied forces and moments [17] . Numerical analysis results have shown that the best location to install the stabilizing piles is at the middle of the portion of the slope de ned by the critical sliding surface [6, 7, [18] [19] [20] . For example, Poulos [3] suggested that the piles be installed at the middle of the failure wedge to prevent the creation of the sliding surfaces in both upstream and downstream of the piles.
Ito et al. [2] proposed a method based on limit equilibrium to evaluate the stability of slope reinforced by piles, and obtained the lateral force acting on the piles caused by soil mass movement based on the theoretical equations developed by Ito and Matsui [21] . In this method, the force acting on the piles depends on soil properties, overburden pressure, and lateral spacing between the piles [1] . It is worthy to mention that the equation presented by Ito and Matsui [21] is valid only for a speci c range of spacing between the piles and therefore, it is not appropriate to use for large or even very small spacing [22] . In applying this method, it is assumed that the soil around the piles is deformable and limitation on the length of the piles as well as soil arching between the piles can be neglected [22, 23] . Hassiotis et al. [10] proposed an extension of this method to determine the force acting on a single row of piles using plasticity theory.
Lee et al. [24] proposed a method to analyse the response of the piles using limit equilibrium analysis, where the piles were considered as a simple beam and the soil was considered as a continuous elastic model. The method calculates the shear force acting on each pile, as well as pile lateral displacement. Moreover, Li et al. [25] studied the seismic displacement of soil slopes reinforced by piles and they proposed a seismic yield coe cient using the upper bound method and calculated the force acting on the piles by using Ito and Matsui [21] equation. Kourkoulis et al. [22] presented a hybrid method to design piles by calculating the force on the piles based on Broms' equation [26] and determined the characteristics of the pile accordingly. Kourkoulis et al. [22] suggested dimensionless design charts based on reinforced concrete piles embedded in rock, which were produced for a speci c example to illustrate the e ectiveness of the proposed method in practice. Furthermore, they examined arching between piles and the length of embedded pile in dense layer. Kahyaoglu et al. [27] examined the e ect of the spacing between the piles and pile head xity, and the distribution of the forces behind the pile using laboratory studies and image processing.
Although various methods have been proposed to determine the forces acting on the piles, they generally lack the required accuracy, especially for both very small and large pile spacing; in addition, some of the methods require parameters which are di cult to obtain in conventional practice.
In this paper, a new equation is proposed to calculate the force acting on the stabilizing pile, considering the failure surface, the lateral forces exerted by the weight of the failure wedge, and 3 soil resistance characteristics. The formulation also allows the calculation of the factor of safety of the reinforced slope. Pile displacement can be computed using elastic beam theory. Aside from solid theoretical background, the proposed approach is very convenient to use and provides good agreement with the results of other methods available in the literature. The approach is also validated by comparing the results with those obtained using PLAXIS software. Thus, the proposed analytical method is more practical and could be easily used by geotechnical engineers.
Proposed analytical approach
The proposed analytical approach for determining the force acting on piles is based on the weight of upslope wedge. For this purpose, two sliding block stability analyses are formulated: (1) the force acting on piles in two-dimensional case; and (2) its extension to threedimensional condition.
2.1. Two-dimensional formulation As mentioned earlier, limit equilibrium method is one of the concepts used by various researchers to investigate the force acting on the piles reinforcing the soil slope. A general view of the slope is shown in Figure 1 , with the rows of piles installed at section A-A 0 . On the other hand, the details of the wedge upslope of the piles are provided in Figure 2 .
The following assumptions are made when considering the upslope wedge: 3. The resisting force generated along the slip surface (T ) can be expressed as follows:
where L is the length of the slip surface to point O, C is the soil cohesion along the slip surface, ' is the friction angle, and is the average normal stress along the slip surface; 4. The force N is the normal reaction force on the slip surface; and 5. The angle considering the whole slope is obtained from the following equation:
where 1 and 2 are the angles as shown in Figure 2 . The reaction force, N, which is directed perpendicular to the slip surface, and the normal stress, , which develops along the slip surface, can be expressed as:
Referring to the force triangle within the upper wedge as shown in Figure 3 , the factor of safety of the slope against sliding, F S , can be written as:
Substituting Eqs. (1) and (3) into Eq. (6), the force acting on the pile, R, can be determined: ; (7) R shear = R cos( + ') k H 2 2 :
In the above equations, is the unit weight of the upper soil layer, H is the length of pile above the sliding surface, R shear is the total shear force on the pile just above the dense layer (see Figure 1) , and the factor k depends on pile sti ness. For a exible pile, k has a value near the coe cient of passive lateral earth pressure, k p , while for a rigid pile, it is near the coe cient of at-rest lateral pressure, k 0 . Thus, in general, k 0 k k p . Note that if the downslope movement is more than the pile displacement, then there is no earth pressure acting on the pile from the downslope wedge. A key assumption in the formulation discussed above is the expression for , which is an important input into Eq. (6). From Figure 2 , it is obvious that the value of would range from 1 to 2 ; hence, it can be expressed as follows:
where A and B are coe cients which are determined by analysing hundreds of slopes and choosing the best coe cients which would provide the minimum error between numerically derived and analytically computed F S . From such optimization procedure, Eq. (2) was initially developed; further validation of the mentioned empirical equation is discussed below. For the purpose of validating Eq. (2), hundreds of cases of unreinforced slope were analysed using three approaches: (1) through the slope stability computer program SLOPE/W [28] to locate the critical circles; (2) using stability chart [19, 20, 29, 30] developed based on kinematic approach of limit equilibrium analysis, such as that shown in Figure 4 , where the type of failure circle is also identi ed; and (3) A comparison of the F S obtained analytically using Eq. (6) and those derived using the stability chart is shown in Figure 5 , while a comparison with those calculated using Bishop method in SLOPE/W is illustrated in Figure 6 . Note that the proposed equation agrees very well with both the numerically calculated and chart-derived values; thus, the use of Eq. (2) In calculating the initial factor of safety of the whole slope, it was observed that the average angle of failure wedge ( ) was gentler than that of a pilereinforced slope because in the latter, the active force was due to the upslope wedge only. Thus, when analysing pile-reinforced slope, calculations indicate that instead of , the average angle in the upslope wedge block is better represented by 0 :
Similar to Eq. (2), the above equation was obtained by analysing hundreds of reinforced slopes and determining the best expression to represent the average angle in the upslope wedge of the reinforced slope. Due to space limitation, the details of the optimization process are not presented here; su ce it to say that subsequent validations presented in the latter part of the paper (through comparison with numerical methods) prove the validity of the two proposed equations.
Extension to 3-dimensional analysis
In the previous section, the magnitude of the force acting on the pile in two-dimensional case was calculated by using the wedge equilibrium method. This is now extended to three-dimension, by considering the weight of the wedge behind the piles, as indicated in Figure 7 . Focusing on the wedge behind the piles, the area of the trapezoid (A 1 ) can be expressed in terms of the 
A 1 and A 2 are shown schematically in Figure 8 . In the gure, ' m is the mobilized friction angle and d is the diameter of the pile.
To calculate the areas A 1 and A 2 , it is required to calculate the base length of the trapezoid, denoted by BC in Figure 9 . In the proposed approach, BC is calculated based on the equation developed by Ashour and Ardalan [1] ; however, instead of BC varying with depth as originally proposed, the current formulation assumes that it is constant with depth.
In addition, the magnitude of BC depends on the mobilized friction angle (' m ) of the soil behind the piles, which is a function of strain, depth, and stress within the soil. Considering the stress-strain behaviour of the soil as shown in Figure 10 , the additional horizontal stress, h , can be expressed as:
where SL (Stress Level)is the ratio of the additional horizontal stress at any depth to the additional horizontal stress at failure mode. As shown in Figure 10 , SL increases with increase in strain, indicating that with any increase the horizontal stress moves closer to the failure stress; thus, the diameter of the Mohr circle and the magnitude of ' m increase. This is depicted in Figure 11 , where it is observed that in all states, ' m value is lower than the ' value (soil friction angle) as determined from Eq. (13):
where F S0 is initial safety factor of slope. Therefore, from Figure 9 , it follows that:
Going back to Eq. (11), there are two cases to calculate : 
Therefore, the force acting on the piles (in 3-D state) can be expressed as a function of the weight of wedge behind the piles, soil properties (friction angle, cohesion), sliding geometry (upstream slide surface length, the mean of the depth of upper wedge, sliding angle), distance between piles, pile diameter, and coe cient , i.e.:
In calculating the factor of safety of slopes stabilized by piles, Eq. (6) is used together with the allowable shear resistance of the pile and the e ect of pile spacing, i.e.:
In the above equations, P pile is the extra force due to the reinforcement with pile, which can be expressed as:
where V max is the allowable maximum shear stress; H is the length of pile within the slip wedge; and D 2 is the clear spacing between piles.
Arching e ect
One of the main mechanisms in enhancing the stability of the soil slope through piles is soil arching, which is the transfer of soil stresses from a yielding mass of soil on to adjacent stationary parts. Engineering practices and laboratory experiments have shown that single piles, such as piles embedded into a rm, non-yielding base in a slope, can provide signi cant additional stability to the slope if conditions for soil arching are met [22] . One important consideration in the design of piles in stabilizing slopes is the maximum allowable spacing between the piles so that soil arching is still maintained. Practical recommendations have been obtained from laboratory studies. For example, Chen & Poulos [4] conducted a series of laboratory tests on the group e ects of piles subjected to soil movement, where the e ects of free head and capped head were investigated. Test results indicated that when the pile spacing was equal to or larger than eight times the pile diameter, the piles in the group behaved as if they were individual piles. Similar results regarding the critical ratio of clear spacing to pile diameter were also found in the arching model test conducted by Adachi et al. [31] .
In the present study, arching e ect is introduced in the proposed procedure through the coe cient , given by Eq. (11) . Overlapping of the wedges behind the piles, as illustrated in Figure 9 (a), shows arching effect in the analysis. The arching phenomenon between piles is also examined numerically using the computer software PLAXIS 2D [32] . The soil parameters used are as follows: E = 12 MPa, C = 10 kPa, and ' = 15 . The clear spacing between the piles varies between 1-6 times the pile diameter (d = 1 m) and its e ect on the occurrence of arching is examined. Figure 12 shows the displacement contours under large ground deformation where it is obvious that at large spacing, the soil practically moves around the pile; on the other hand, arching is very e ective at small pile spacing. Note that in addition to pile spacing, soil parameters are also very important in inducing arching e ect.
Based on Figure 12 and supported by other research results [4, 22, 31, [33] [34] [35] , pile spacing less than ve times the pile diameter is required to generate group e ect and the associated soil arching between the piles. For pile spacing greater than ve times the pile diameter, the piles behave almost as single individual piles and the soil can ow around them. Hence, large pile spacing is not recommended for slope stabilization and therefore, further examination is not required. Pile spacing of four times the pile diameter is believed to be the most cost-e ective arrangement for pile rows, because it provides the optimum spacing (i.e., the minimum number of piles) required to produce soil arching between the piles for the inter-pile soil to be adequately retained. This arrangement is often adopted in engineering practice as the optimal pile spacing in slope stabilization applications [33] .
Veri cation 3.1. Comparison with model experiments
A series of physical model tests was conducted on reinforced slopes with a 1/10 scale. The sandy model slope was placed on a box measuring 2:5 m 1:5 m 1:5 m. Prior to construction of the model slope, silty sand was rst placed inside the box and compacted under di erent degrees of compaction. For each degree of compaction, the soil properties were measured by performing element tests. Based on the results, a suitable condition for the physical tests was selected. The relevant soil parameters were:
= 19 kN/m 3 , C = 1 kPa, and ' = 20 . In the all the tests involving reinforced pile models, hollow plastic pipes, with outer diameter of 150 mm and thickness of 4 mm, were driven at the middle of the slope with various spacing and embedded at least 20 cm into the sti base layer (consisting of polystyrene layer). Figure 13 shows the model slope reinforced by piles. Markers at 10 cm interval were placed on the side of the slope and their movements were tracked by a camera at regular intervals. The piles were not instrumented.
The initial factor of safety (F S ) of the unrein- forced slope was calculated to be F S = 1:29 using the computer program SLOPE/W. In order to induce instability, the slope angle should be increased; for this purpose, one side of the box was slowly raised using a crane such that the base would be inclined at various angles, up to 10 . During the tests, the movements of the markers were tracked and then processed to determine the displacement vectors. Figure 14 shows the state of the unreinforced slope at an inclination angle of 8 . It is clear that at this state, the slope became unstable and movement was initiated. The displacement vectors show a very clear sliding wedge, as indicated in the gure.
For this unreinforced slope, a comparison is made between the F S at various inclination angles calculated using SLOPE/W and those calculated using the proposed analytical approach and the results are summarised in Table 1 . Good agreement can be observed between the results from the proposed method and those observed from the model tests. Note that when the inclination angle was 8 , the parameters used in Eq. (6) were: 1 = 30 , 2 = 46 , L = 2:2 m, and W = 12:7 kN/m.
It is worthy to mention that progressive failure was not observed in the model test. The small displacements observed when the inclination angle was 4-6 were sur cial in nature and did not represent progressive movement. However, when the inclination angle was 8 , failure was mobilized and the slope began to move, consistent with the prediction of the numerical model. Model tests were also done on reinforced slopes with various spacing between piles, i.e., 1D, 2D, 3D, and 4D, where D is the pile diameter. Similar to the unreinforced slope, the box was tilted to induce movement of the slope and the resulting ground deformation was tracked for various inclination angles. Again, the factor of safety calculated numerically (using FLAC3D) was compared with those obtained using the proposed approach. Table 2 summarises the results of the comparison for the case with pile spacing corresponding to 4D; it is obvious from the table that a good agreement exists between the two methods.
It is unfortunate that the piles were not instrumented and the actual forces on the piles cannot be compared with those calculated using the proposed method. Nevertheless, the applicability of the proposed method is shown by the good agreement between the F S obtained analytically and using the proposed method for di erent inclination angles.
Comparison with numerical approach
As another example to verify the applicability of the proposed approach, a soil slope with the height of H s = 11:5 meters and slope angle of 30 is analysed and the results are compared with those obtained using PLAXIS 3D [36] and other equations in the literature. The slope is described in Figures 15 and 16 while the soil and pile properties are summarised in Table 3 .
At this stage, the force acting on the stabilizing piles is calculated using three di erent methods: (1) Ito and Matsui method [21] ; (2) numerical analysis using PLAXIS 3D; and (3) the proposed analytical approach. For the third method, the sliding wedge can be divided into two parts, namely, upslope and downslope, after which the force acting on the piles is calculated using the upslope wedge equilibrium (using the data in Table 3 ). In calculating the force acting on the piles according to Eq. (17), the essential parameters could be calculated based on upstream wedge of the slope (Figure 9 ). These parameters are shown in Table 4 , the force acting on the pile could be found using the above formulations. The results are summarized in Table 5 and plotted in Figure 17 . As shown in the gure, the shear force on the pile increases with increase in pile spacing until arching occurs between piles at spacing of around 6 times the pile diameter. Beyond that, the shear force on the pile becomes more or less constant, indicating that they are acting as discrete individual piles.
The results are compared with those obtained numerically using PLAXIS 3D, where a good correlation is observed as shown in Figure 17 . The results for both the analytical approach and the numerical method are opposite to that obtained from Ito and Matsui equation, which is valid only over a limited range of spacing; at large spacing or at very close spacing, the mechanism of ow through the piles postulated by Ito and Matsui [21] is not the critical mode [37] .
Based on PLAXIS3D numerical analysis, the shear force and bending moment at any point within the pile could be calculated and their variations with depth for various pile spacings are shown in Figures 18  and 19 , respectively. As seen in Figure 18 , with increase in the pile spacing, the shear force developing on the piles increases until arching occurs between piles.
For practical purposes, the determination of the target factor of safety (F S ) after stabilization is important. Using Eqs. (18a) and (18b) for various allowable shear stresses on the pile, the factors of safety for various pile spacings are calculated and plotted in 
Conclusions
An analytical approach was proposed to analyse the stability of slopes reinforced by piles by considering limit equilibrium of the sliding wedge upslope of the pile. The following are the major conclusions obtained:
Once the initial sliding surface is determined, say using some simple slope stability algorithms, site investigation, or simple software, the factor of safety of both reinforced and unreinforced slopes as well as the acting forces on the stabilizing piles can be determined; Using the proposed method, analyses showed that the force acting on the stabilizing pile decreased when pile spacing exceeded more than ve times the pile diameter because at this spacing, the piles behaved almost as single isolated piles and the soil could ow between them. Hence, such an arrangement cannot be recommended for the purpose of slope stabilization; The proposed analytical method calculated factors of safety, which were in agreement with the results of laboratory model tests and numerical analyses; The forces on the pile calculated using the proposed analytical method also agreed quite well with the results of numerical analysis. 
